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EXTREMAL TRIANGULAR CHAIN GRAPHS FOR BOND
INCIDENT DEGREE (BID) INDICES
AKBAR ALI†,‡ AND AKHLAQ AHMAD BHATTI†
Abstract. A general expression for calculating the bond incident degree (BID)
indices of certain triangular chain graphs is derived. The extremal triangular chain
graphs with respect to several well known BID indices are also characterized over
a particular collection of triangular chain graphs.
1. Introduction
All the graphs considered in the present study are finite, undirected, simple and
connected. The vertex set and edge set of a graph G will be denoted by V (G) and
E(G) respectively. Undefined notations and terminologies from (chemical) graph
theory can be found in [14,26,33].
According to Todeschini and Consonni [32] “molecular descriptor is the final re-
sult of a logical and mathematical procedure which transforms chemical information
encoded within a symbolic representation of a molecule into an useful number or
the result of some standardized experiment”. A molecule can be represented by a
graph in which the vertices correspond to atoms while the edges represent covalent
bonds between atoms of the molecule [28]. A graph-based molecular descriptor is
simply known as a topological index [14]. In graph theoretical notation, topological
indices are the numerical parameters of a graph which are invariant under graph
isomorphisms. These indices are often used to model the physicochemical proper-
ties of chemical compounds in quantitative structure-property relation (QSPR) and
quantitative structure-activity relation (QSAR) studies [9, 10, 24, 33]. A consider-
able amount of such indices can be represented as the sum of edge contributions
of the graph [34, 35]. Furthermore, in many cases these edge contributions depend
exclusively on the degrees of end vertices of the observed edge [36]. These kinds of
indices are called bond incident degree indices [36] (these indices form a subclass of
the class of all (vertex) degree based topological indices [7,17,25,30]) whose general
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form [27,34] is:
TI = TI(G) =
∑
uv∈E(G)
f(du, dv) =
∑
1≤a≤b≤∆(G)
xa,b(G).θa,b , (1.1)
where uv is the edge connecting the vertices u and v of the graph G, du is the
degree of the vertex u, E(G) is the edge set of G, ∆(G) is the maximum degree in
G, θa,b is a non-negative real valued function depending on a, b, and xa,b(G) is the
number of edges in G connecting the vertices of degrees a and b. Many well known
topological indices such as the Randic´ index [31], atom-bond connectivity index
[13], sum-connectivity index [39], first geometric-arithmetic index [37], augmented
Zagreb index [16], Albertson index [1], harmonic index [15], second Zagreb index
[22], modified second Zagreb index [29] and natural logarithm of multiplicative sum
Zagreb index [12] are the special cases of (1.1). Moreover, a certain class of bond
incident degree (BID) indices was proposed and several indices from this class were
examined for their chemical applicability in [34]. Besides, many indices of the form
(1.1) exist in the literature, for example see the review [25], articles [3, 4, 7, 17, 21,
23,34,36] and related references cited therein.
A k-polygonal system is a connected geometric figure obtained by concatenating
congruent regular k-polygons side to side in a plane in such a way that the figure
divides the plane into one infinite (external) region and a number of finite (internal)
regions, and all internal regions must be congruent regular k-polygons. For k =
3, 4, 6, the k-polygonal system corresponds to triangular animal [19], polyominoes
[18], benzenoid system [20] respectively. In a k-polygonal system, two polygons are
said to be adjacent if they share a side. The characteristic graph (or dualist or inner
dual) of a given k-polygonal system consists of vertices corresponding to k-polygons
of the system; two vertices are adjacent if and only if the corresponding k-polygons
are adjacent. A k-polygonal system whose characteristic graph is the path graph is
called k-polygonal chain. A k-polygonal chain can be represented by a graph (called
k-polygonal chain graph) in which the edges represent sides of a polygon while the
vertices correspond to the points where two sides of a polygon meet. In the rest of
paper, by the term k-polygonal chain we actually mean k-polygonal chain graph.
In recent years, a significant amount of research has been devoted to solve the
problems of finding closed form formulae for different BID indices of 4-polygonal
(polyomino) chains and characterizing the extremal polyomino chains with respect
to the aforementioned indices over the set of all polyomino chains with fixed number
of squares (for example, see [2, 4, 6, 8, 38] and related references cited therein). In
addition, extremal 5-polygonal (pentagonal) and 6-polygonal (benzenoid) chains for
various well known BID indices were recently characterized in [5] and [30] respec-
tively. Furthermore, for the k-polygonal chains (where k ≥ 7), the above mentioned
problems are rather easy to solve and hence a simple solution can be provided.
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Figure 1. All the segments of a triangular chain.
However, for k = 3 the problems under consideration are not easy and thence it is
natural to attempt these problems. We will attempt these problems for a certain
collection of triangular chains. To state these problems in a more precise way, we
need to recall some basic definitions and terminologies concerning triangular chains.
A triangular chain in which every vertex has degree at most four is called linear tri-
angular chain. A graph H is said to be a subgraph of the graph G if V (H) ⊆ V (G)
and E(H) ⊆ E(G). A subgraph H of graph G is said to be induced subgraph if
whenever u, v ∈ V (H) and uv ∈ E(G) then uv ∈ E(H). A part of a triangular
chain Tn is said to be segment if it forms an induced subgraph which is the maximal
linear triangular chain in Tn. A triangle in a triangular chain is said to be terminal
(respectively nonterminal) if it is adjacent with only one (respectively two) other
triangle(s). A segment containing terminal triangle(s) is called terminal segment
and a segment which is not terminal is known as nonterminal segment. Let Tn
has s segments S1, S2, S3, ..., Ss. The number of triangles in a segment Si (where
1 ≤ i ≤ s) is called its length and is denoted by l(Si) (or simply by li for the sake
of brevity). An s-tuple (a1, a2, ..., as) is said to be length vector of Tn if and only if
ai = li for all i where 1 ≤ i ≤ s. If (a1, a2, ..., as) is a length vector of Tn and s ≥ 3
then we assume that a1, as are the lengths of terminal segments. All the segments
of a certain triangular chain are shown in the Figure 1 and the length vector of
this chain is (6, 5, 4, 3). Let E(Si) (where 1 ≤ i ≤ s) be the set of all edges of the
segment Si. Denote by Tn the collection of all those triangular chains with n ≥ 4
triangles in which every vertex has degree at most five. Note that the graph given
in Figure 2 is not a triangular animal and hence not a triangular chain because one
of its interior regions is not a triangle. Now, we can state the main problems of the
current study in a more precise form:
Problem 1.1. If Tn ∈ Tn is a triangular chain with length vector (l1, l2, ..., ls), then
determine TI(Tn).
Problem 1.2. Among all the triangular chains in the collection Tn, find those for
which TI attains its maximum and minimum value.
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Figure 2. A graph which is not a triangular chain graph.
The main motivation for considering the triangular chains in the current study,
comes from the fact that for every triangular chain Tn there exist a benzenoid system
whose characteristic graph is isomorphic to Tn. Hence, the collection Tn is actually
a subclass of the class of all characteristic graphs of benzenoid system.
2. General Expression for BID Indices of Triangular Chains
Let Tn ∈ Tn and suppose that Tn has s segments S1, S2, S3, ..., Ss. In order to
obtain the main result of this section, we need to define some structural parameters
as follows:
Definition 2.1. For 1 ≤ i ≤ s,
ηi = η(Si) =
{
1 if li = 3,
0 otherwise.
ξi = ξ(Si) =
{
1 if li = 4,
0 otherwise.
σi = σ(Si) =
{
1 if li = 5,
0 otherwise.
Observe that Tn does not contain any nonterminal segment with length three and
therefore, if s ≥ 3 then ηi = 0 for 2 ≤ i ≤ s− 1. An edge connecting the vertices of
degrees j and k is called edge of the type (j, k). Now, we are in position to establish
the general expression for calculating the BID indices of Tn.
Theorem 2.2. Let Tn ∈ Tn be a triangular chain with length vector (l1, l2, ..., ls).
Then
TI(Tn) =

Λ0 + Λ3 if s = 1,
Λ0 + Λ1(η1 + η2) + Λ2(ξ1 + ξ2) + 2Λ3 if s = 2,
Λ0 + Λ1(η1 + ηs) + Λ2(ξ1 + ξs) + sΛ3 + Λ4
s−1∑
i=2
ξi + Λ5
s−1∑
i=2
σi if s ≥ 3,
EXTREMAL TRIANGULAR CHAIN GRAPHS FOR BOND INCIDENT DEGREE (BID) INDICES 5
Figure 3. The edges in the first segment, which may be of the type
(3,5) are labeled as e1, e2, e3, e4.
Figure 4. The edges in the ith segment (where 2 ≤ i ≤ s − 2 and
s ≥ 4), which may be of the type (3,5) are labeled as e5, e6, e7.
where
Λ0 = 2nθ4,4 + 2θ2,3 + 2θ2,4 + 2θ3,4 − θ3,5 − 4θ4,5 ,
Λ1 = θ2,5 − θ2,4 + θ3,3 − 3θ3,4 + θ3,5 + 3θ4,4 − 2θ4,5 ,
Λ2 = θ3,5 − θ3,4 + θ4,4 − θ4,5 , Λ3 = 2θ3,4 + θ3,5 − 7θ4,4 + 4θ4,5 ,
Λ4 = 2θ3,5 − 2θ3,4 + 3θ4,4 − 4θ4,5 + θ5,5 , Λ5 = θ4,4 − 2θ4,5 + θ5,5 .
Proof. The result can be easily verified for s = 1, 2. Let us assume that s ≥ 3.
Since the triangular chain Tn does not contain any vertex with degree greater than
or equal to 6, from Equation (1.1) it follows that
TI(Tn) =
∑
2≤j≤k≤5
xj,k(Tn)θj,k . (2.1)
For 2 ≤ i ≤ s, denote by xj,k(S1) and x˜j,k(Si) the number of edges of type (j, k)
belonging to E(S1) and E(Si) \ E(Si−1) respectively. Then xj,k(Tn) = xj,k(S1) +∑s
i=2 x˜j,k(Si). To obtain the desired formula, we have to determine xj,k(Tn) for
2 ≤ j ≤ k ≤ 5. Let us start by counting the edges of type (3, 5) in Tn. Note that the
first segment S1 contains atleast one edge of the type (3, 5), namely e1 (see Figure
3). Moreover, e2, e3 or e4 (see Figure 3) is the edge of type (3, 5) if l2 = 4, l1 = 4
or l1 = 3 respectively. Hence x3,5(S1) = 1 + ξ1 + ξ2 + η1. From Figure 4, it can be
easily seen that the set E(Si) \ E(Si−1) (where 2 ≤ i ≤ s − 2 and s ≥ 4) contains
atleast one edge of the type (3, 5) namely e5 and the edges e6, e7 are of the type
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(3, 5) if li = 4, li+1 = 4 respectively. This implies that x˜3,5(Si) = 1 + ξi + ξi+1.
By analogous reasoning, one have x˜3,5(Ss−1) = 1 + ξs−1 + ηs and x˜3,5(Ss) = ξs.
Therefore, if s = 3, then x3,5(Tn) = x3,5(S1) + x˜3,5(Ss−1) + x˜3,5(Ss), and if s ≥ 4,
then x3,5(Tn) = x3,5(S1) +
∑s−2
i=2 x˜j,k(Si) + x˜3,5(Ss−1) + x˜3,5(Ss). In both cases,
x3,5(Tn) = s− 1 + η1 + ηs − ξ1 − ξs + 2
s∑
i=1
ξi . (2.2)
By simple reasoning and routine calculations, one have
x5,5(Tn) =
s−1∑
i=2
(ξi + σi), (2.3)
x2,3(Tn) = 2 , x2,4(Tn) = 2− η1 − ηs , x2,5(Tn) = η1 + ηs , n2(Tn) = 2 and
x3,3(Tn) = η1 + ηs , n3(Tn) = s+ 1 , n4(Tn) = n− 2s , n5(Tn) = s− 1. (2.4)
Now, let us consider the following system of equations∑
2≤k≤5,
k 6=j
xj,k(Tn) + 2xj,j(Tn) = j × nj(Tn); j = 3, 4, 5. (2.5)
Bearing in mind the Equations (2.2)-(2.4), we solve the system (2.5) for the un-
knowns x3,4(Tn), x4,4(Tn), x4,5(Tn) and we get
x3,4(Tn) = 2s+ 2− 3η1 − 3ηs + ξ1 + ξs − 2
s∑
i=1
ξi.
x4,4(Tn) = 2n− 7s+ 3η1 + 3ηs + ξ1 + ξs + 3
s−1∑
i=2
ξi +
s−1∑
i=2
σi.
x4,5(Tn) = 4s− 4− 2η1 − 2ηs − ξ1 − ξs − 4
s−1∑
i=2
ξi − 2
s−1∑
i=2
σi.
By substituting the values of xj,k(Tn) (where 2 ≤ j ≤ k ≤ 5) in Equation (2.1), one
arrives at the desired formula. 
3. Extremal Triangular Chains for BID Indices
To characterize the extremal triangular chains in Tn with respect to BID indices,
let us defined the structural parameter ΦTI , for any Tn ∈ Tn, as follows:
ΦTI(Tn) =
{
Λ3 if s = 1
Λ1(η1 + η2) + Λ2(ξ1 + ξ2) + 2Λ3 if s = 2,
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and for s ≥ 3,
ΦTI(Tn) =
s∑
i=1
ΦTI(Si) = Λ1(η1 + ηs) + Λ2(ξ1 + ξs) + sΛ3 + Λ4
s−1∑
i=2
ξi + Λ5
s−1∑
i=2
σi ,
where
ΦTI(S1) = Λ1η1 + Λ2ξ1 + Λ3 ,ΦTI(Ss) = Λ1ηs + Λ2ξs + Λ3 ,
ΦTI(Si) = Λ3 + Λ4ξi + Λ5σi ; 2 ≤ i ≤ s− 1.
Bearing in mind the definition of ΦTI and the Theorem 2.2, one have
Corollary 3.1. Among all the triangular chains in the collection Tn , a triangular
chain has the maximum (respectively minimum) TI value if and only if it has the
maximum (respectively minimum) ΦTI value.
Denote by Ln the linear triangular chain with n ≥ 4 triangles. By a zigzag
triangular chain Zn, we mean a triangular chain with n ≥ 4 triangles and length
vector (a, 4, 4, 4, ..., 4︸ ︷︷ ︸
(bn2 c−2)−times
, b) where a, b ≤ 4 and at least one of a, b is 3.
Corollary 3.2. Suppose that Λ1,Λ2, ...,Λ5 are the quantities defined in Theorem 2.2
and let Tn ∈ Tn.
1. If Λi < 0 for i = 1, 2, 3, 4 and −Λ3 > Λ5 > 0, then TI(Tn) ≤ TI(Ln) with
equality if and only if Tn ∼= Ln.
2. If Λi > 0 for i = 1, 2, 3, 4 and −Λ3 < Λ5 < 0, then TI(Tn) ≥ TI(Ln) with
equality if and only if Tn ∼= Ln.
Proof. 1. From the definition of ΦTI , it follows that ΦTI(Ln) = Λ3. For s = 2, one
have
ΦTI(Tn) = ΦTI(S1) + ΦTI(S2) = Λ1(η1 + η2) + Λ2(ξ1 + ξ2) + 2Λ3 ≤ 2Λ3 < Λ3.
If s ≥ 3 then for 2 ≤ i ≤ s− 1, one have
ΦTI(Si) = Λ3 + Λ4ξi + Λ5σi ≤ Λ3 + Λ5 < 0,
and hence ΦTI(Tn) =
∑s
i=1 ΦTI(Si) < Λ3. Therefore ΦTI(Tn) ≤ Λ3 with equality if
and only if Tn ∼= Ln. From Corollary 3.1, desired result follows.
2. The proof of second part is fully analogous to that of first part. 
Corollary 3.3. Suppose that Λ1,Λ2, ...,Λ5 are the quantities defined in Theorem 2.2
and let Tn ∈ Tn.
1. If −Λ3 > Λ5, Λi is negative for i = 1, 2, 3, 4, 2Λ4 < Λ1 < Λ2 and Λ1 + Λ5 >
Λ2 + Λ4, then TI(Tn) ≥ TI(Zn) with equality if and only if Tn ∼= Zn.
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2. If −Λ3 < Λ5, Λi is positive for i = 1, 2, 3, 4, 2Λ4 > Λ1 > Λ2 and Λ1+Λ5 < Λ2+Λ4,
then TI(Tn) ≤ TI(Zn) with equality if and only if Tn ∼= Zn.
Proof. 1. The result can be easily justified for n ≤ 6, so let us assume that n ≥ 7.
Let T˜n ∈ Tn such that ΦTI(T˜n) is minimum. Note that ΦTI(Ln) > ΦTI(Zn) and
hence T˜n  Ln. Suppose that T˜n has length vector (l1, l2, ..., ls). If at least one of
l1, ls is greater than 4, say l1 ≥ 5. Then the triangular chain T (0)n with length vector
(3, l1 − 1, l2, l3, ..., ls) belongs to Tn and
ΦTI(T
(0)
n )− ΦTI(T˜n) =

Λ1 + Λ3 + Λ4 if l1 = 5,
Λ1 + Λ3 + Λ5 if l1 = 6,
Λ1 + Λ3 if l1 ≥ 7.
It is easy to see that ΦTI(T
(0)
n ) − ΦTI(T˜n) < 0. This contradicts the minimality of
ΦTI(T˜n). Therefore l1, ls ≤ 4, which implies that s ≥ 3 (since n ≥ 7). Now, we
will prove that at least one of l1, ls is 3. Suppose to the contrary that l1 = ls = 4.
Note that the triangular chain T
(00)
n with length vector (3, l1, l2, ..., ls−1, ls − 1) is a
member of Tn and
ΦTI(T
(00)
n )− ΦTI(T˜n) = 2Λ1 − 2Λ2 + Λ3 + Λ4 < 0,
which is a contradiction. Hence, at least one of l1, ls is 3. Without loss of generality
we can assume that l1 = 3. Now, if lj ≥ 5 for some j where 2 ≤ j ≤ s − 1. We
consider two cases.
Case 1. If lj = 5, then the triangular chain T
(000)
n with length vector (l1 +
1, l2, l3, ..., lj−1, lj − 1, lj+1, ..., ls) belongs to Tn and
ΦTI(T
(000)
n )− ΦTI(T˜n) = −Λ1 + Λ2 + Λ4 − Λ5 < 0,
a contradiction.
Case 2. If lj ≥ 6, then the triangular chain T (0000)n with length vector (lj − 3, l1 +
1, l2, l3, ..., lj−1, 4, lj+1, ..., ls) is an element of Tn and
ΦTI(T
(0000)
n )− ΦTI(T˜n) = (x− 1)Λ1 + yΛ2 + Λ3 + 2Λ4,
where x, y ∈ {0, 1} such that at least one of x, y is zero. Note that ΦTI(T (0000)n ) −
ΦTI(T˜n) is negative and hence a contradiction is obtained.
Hence we conclude that T˜n ∼= Zn. By using the Corollary 3.1, we arrive at the
desired result.
2. The proof of second part is completely analogous to that of part 1. 
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The choices θa,b =
1√
ab
, 2
√
ab
a+b
, 1√
a+b
, 1
ab
, ln(a + b), 2
a+b
(where ln denotes the natu-
ral logarithm) in Equation (1.1) correspond to the Randic´ index, first geometric-
arithmetic index, sum-connectivity index, modified second Zagreb index, natural
logarithm of the multiplicative sum Zagreb index, harmonic index respectively.
Corollary 3.4. Let Tn be any triangular chain in the collection Tn.
1. If TI is one of the following topological indices: sum-connectivity index, Randic´
index, harmonic index, first geometric-arithmetic index and modified second Zagreb
index. Then
TI(Zn) ≤ TI(Tn) ≤ TI(Ln),
with left (respectively right) equality if and only if Tn ∼= Zn (respectively Tn ∼= Ln);
2. For the multiplicative sum Zagreb index, the following inequality holds:
Π∗1(Ln) ≤ Π∗1(Tn) ≤ Π∗1(Zn),
with left (respectively right) equality if and only if Tn ∼= Ln (respectively Tn ∼= Zn).
Proof. 1. By routine computations one can easily verified that the hypothesis of
Corollary 3.2(1) and Corollary 3.3(1) are satisfied for each of the following indices:
sum-connectivity index, Randic´ index, harmonic index, first geometric-arithmetic
index and modified second Zagreb index. Hence the desired result follows from
Corollary 3.2(1) and Corollary 3.3(1).
2. It can be easily checked that the hypothesis of Corollary 3.2(2) and Corollary
3.3(2) are satisfied for ln[Π∗1] and hence one have
ln[Π∗1(Ln)] ≤ ln[Π∗1(Tn)] ≤ ln[Π∗1(Zn)], (3.1)
with left (respectively right) equality if and only if Tn ∼= Ln (respectively Tn ∼= Zn).
Since the exponential function is strictly increasing and this function is inverse of the
natural logarithm function. Therefore, from the Inequality 3.1 the required result
follows. 
The Equation (1.1) gives the augmented Zagreb index (AZI) if we take θa,b =(
ab
a+b−2
)3
. For n ≥ 6, denote by T−n the triangular chain with the length vector
(3, x, 3) where x ≥ 4. Note that T−6 ∼= Z6.
Corollary 3.5. Let Tn be any triangular chain in the collection Tn. Then
AZI(Tn) ≥
{
AZI(Zn) if n ≤ 8,
AZI(T−n ) otherwise.
The equality in the first case holds if and only if Tn ∼= Zn and the equality in the
second case holds if and only if Tn ∼= T−n .
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Proof. By routine computations, one have
Λ1 ≈ −4.2147,Λ2 ≈ −2.5597,Λ3 ≈ 3.8267,Λ4 ≈ −2.2860,Λ5 ≈ 2.8333.
The result can be easily verified for n ≤ 10. So, we assume that n ≥ 11 and Tn 
T−n . After simple calculations one have ΦAZI(T
−
n ) ≈ 3.0507 and hence ΦAZI(Ln) >
ΦAZI(T
−
n ). We discuss four cases.
Case 1. If s = 2, then at least one of l1, l2 must be greater than 4, which implies
that
ΦAZI(Tn) ≈ 7.6534− 4.2147(η1 + η2)− 2.5597(ξ1 + ξ2) ≥ 3.4387 > ΦAZI(T−n ).
Case 2. If s = 3, then the inequality n ≥ 11 implies that li ≥ 5 for at least one i
(where i = 1, 2, 3). Here we consider two subcases:
Subcase 2.1. If at least one of l1, l3 is greater than 4, then
ΦAZI(S1) + ΦAZI(S3) ≈ 7.6534− 4.2147(η1 + η3)− 2.5597(ξ1 + ξ3) ≥ 3.4387,
and
ΦAZI(S2) ≈ 3.8267− 2.286ξ2 + 2.8333σ2 ≥ 1.5407.
This leads to
ΦAZI(Tn) =
3∑
i=1
ΦAZI(Si) > ΦAZI(T
−
n ).
Subcase 2.2. If l2 ≥ 5, then at least one of l1, l3 must be greater than 3 (since
Tn  T−n ) which implies that
ΦAZI(S1) + ΦAZI(S3) ≈ 7.6534− 4.2147(η1 + η3)− 2.5597(ξ1 + ξ3) ≥ 0.879,
and
ΦAZI(S2) ≈ 3.8267− 2.286ξ2 + 2.8333σ2 ≥ 3.8267.
Hence, it follows that
ΦAZI(Tn) =
3∑
i=1
ΦAZI(Si) > ΦAZI(T
−
n ).
Case 3. If s = 4, then the inequality n ≥ 11 implies that li ≥ 5 for at least one i
(where 1 ≤ i ≤ 4). We have two possibilities:
Subcase 3.1. If at least one of l1, l4 is greater than 4, then
ΦAZI(S1) + ΦAZI(S4) ≈ 7.6534− 4.2147(η1 + η4)− 2.5597(ξ1 + ξ4) ≥ 3.4387,
and
ΦAZI(S2) + ΦAZI(S3) ≈ 7.6534− 2.286(ξ2 + ξ3) + 2.8333(σ2 + σ3) ≥ 3.0814.
Hence
ΦAZI(Tn) =
4∑
i=1
ΦAZI(Si) > ΦAZI(T
−
n ).
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Subcase 3.2. If at least one of l2, l3 is greater than 4, then
ΦAZI(S2) + ΦAZI(S3) ≈ 7.6534− 2.286(ξ2 + ξ3) + 2.8333(σ2 + σ3) ≥ 5.3674,
and
ΦAZI(S1) + ΦAZI(S4) ≈ 7.6534− 4.2147(η1 + η4)− 2.5597(ξ1 + ξ4) ≥ −0.776.
Hence
ΦAZI(Tn) =
4∑
i=1
ΦAZI(Si) > ΦAZI(T
−
n ).
Case 4. If s ≥ 5, then for 2 ≤ i ≤ s− 1,
ΦAZI(Si) ≈ 3.8267− 2.286ξi + 2.8333σi ≥ 1.5407,
and
ΦAZI(S1) + ΦAZI(Ss) ≈ 7.6534− 4.2147(η1 + ηs)− 2.5597(ξ1 + ξs) ≥ −0.776.
Bearing in mind the fact s ≥ 5, one have
ΦAZI(Tn) =
s∑
i=1
ΦAZI(Si) > ΦAZI(T
−
n ).
In all cases, we arrive at ΦAZI(Tn) > ΦAZI(T
−
n ). Therefore, from Corollary 3.1 the
required result follows. 
The choice θa,b =| a − b | (respectively θa,b = ab) in Equation (1.1) gives the
Albertson index A (respectively second Zagreb index M2). Let T
∗
n be the subclass
of Tn of all those triangular chains with n ≥ 7 triangles (where n is odd) in which
both terminal segments have length 3, exactly one nonterminal segment has length
5 and all the other nonterminal segments (if exist) have length 4.
Corollary 3.6. Let Tn be any triangular chain in the collection Tn.
1. For the Albertson index A, the following inequality holds
10 ≤ A(Tn) ≤
{
3n+ 2 if n is even,
3n+ 1 otherwise.
The upper bounds are attained if and only if Tn ∼= Zn and the lower bound is attained
if and only if Tn ∼= Ln.
2. For the second Zagreb index M2, the following inequality holds
4(8n− 9) ≤M2(Tn) ≤

128 if n = 5,
35n− 45 if n is even,
35n− 46 otherwise.
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The lower bound is attained if and only if Tn ∼= Ln, the first and second upper bounds
are attained if and only if Tn ∼= Zn, and the third upper bound is attained if and
only if Tn ∈ T∗n.
Proof. 1. For the Albertson index A, one have −Λ0 = Λ1 = Λ4 = Λ5 = −2, Λ2 = 0
and Λ3 = 8 = ΦA(Ln). Firstly, we establish the lower bound. Let Tn  Ln, then for
s = 2 one have ΦA(Tn) = 16 − 2(η1 + η2) ≥ 12 > ΦA(Ln). If s ≥ 3 then it follows
that ΦA(S1) = 8 − 2η1 ≥ 6 , ΦA(Ss) = 8 − 2ηs ≥ 6, ΦA(Si) = 8 − 2ξi − 2σi ≥ 6
where 2 ≤ i ≤ s− 1 and therefore
ΦA(Tn) =
s∑
i=1
ΦAZI(Si) ≥ 6s > ΦA(Ln).
Hence from Corollary 3.1, we have A(Tn) ≥ A(Ln) with equality if and only if
Tn ∼= Ln.
To establish the upper bound, let us choose T˜n ∈ Tn such that ΦA(T˜n) is maxi-
mum. It can be easily checked that ΦA(Zn) > ΦA(Ln), which implies that T˜n 6∼= Ln.
Suppose that T˜n has length vector (l1, l2, ..., ls) where s ≥ 2.
Claim 1. l1, ls ≤ 4 and at least one of l1, ls is 3.
If at least one of l1, ls is greater than or equal to 5. Without loss of generality,
suppose that l1 ≥ 5. Then the triangular chain T (1)n with length vector (3, l1 −
1, l2, l3, ..., ls) belongs to Tn and ΦA(T˜n)− ΦA(T (1)n ) ≤ −4, which is a contradiction
to the maximality of ΦA(T˜n). If l1 = ls = 4, then the triangular chain T
(2)
n with
length vector (3, l1, l2, ..., ls−1, 3) is a member of Tn and ΦA(T˜n) − ΦA(T (2)n ) = −2,
which is again a contradiction.
Claim 2. If one of l1, ls is 3 and the other is 4, then every nonterminal segment
(if exists) has length 4.
Without loss of generality, we assume that l1 = 4 and ls = 3. Suppose to the
contrary that at least one nonterminal segment, say (without loss of generality) l2 has
length greater than or equal to 5. Then the triangular chain T
(3)
n with length vector
(3, 4, l2− 1, l3, l4, ..., ls) is an element of Tn and ΦA(T˜n) < ΦA(T (3)n ), a contradiction.
Claim 3. Every nonterminal segment (if exists) has length less than or equal to 5
and at most one nonterminal segment (if exists) has length 5.
If T˜n has at least one nonterminal segment of length greater than or equal to 6.
Without loss of generality, one can assume that l2 ≥ 6. Then the triangular chain
T
(4)
n with length vector (l1, 4, l2−2, l3, l4, ..., ls) belongs to Tn and ΦA(T˜n) < ΦA(T (4)n ),
this contradicts the maximality of ΦA(T˜n). If there exist at least two nonterminal
segments with length 5. Without loss of generality, suppose that l2 = l3 = 5, then
the triangular chain T
(5)
n with length vector (l1, 4, 4, 4, l4, l5, ..., ls) is a member of Tn
and ΦA(T˜n) < ΦA(T
(5)
n ), again a contradiction.
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From Claim 1, Claim 2 and Claim 3 it follows that either T˜n ∼= Zn or T˜n ∼= T ∗n ∈
T∗n. If T˜n ∼= T ∗n ∈ T∗n then n ≥ 7 and n is odd. But
ΦA(Zn) = 3n− 1 > ΦA(T ∗n) = 3(n− 1),
a contradiction. Therefore T˜n ∼= Zn. After simple calculations, one have
A(Zn) =
{
3n+ 2 if n is even,
3n+ 1 otherwise.
From Corollary 3.1, the desired result follows.
2. For the second Zagreb index M2, one have
Λ0 = 32n− 43, Λ1 = −2, Λ2 = Λ4 = −1, Λ3 = 7, Λ5 = 1.
Also, note that if n ≥ 7 and n is odd then
ΦM2(Zn) = 3n− 4 , ΦM2(T ∗n) = 3(n− 1).
Now, using the same technique that was used to prove the first part of the theorem,
we arrive at the desired result. 
The choice θa,b =
√
a+b−2
ab
in Equation (1.1) corresponds to the atom-bond connec-
tivity (ABC) index. For the ABC index, it can be easily verified that−Λ1−Λ3 < Λ5,
Λi is positive for i = 1, 2, 3, 4, 2Λ4 > Λ1 > Λ2 and Λ1 + Λ5 < Λ2 + Λ4. On the other
hand, it can be easily observed that if the condition −Λ3 < Λ5 in Corollary 3.3(2)
is replaced with −Λ1 − Λ3 < Λ5 < 0, then the conclusion remains true and hence
we have ABC(Tn) ≤ TI(Zn) with equality if and only if Tn ∼= Zn.
4. Concluding Remarks
For any triangular chain Tn ∈ Tn, we have established a closed form formula given
in Theorem 2.2 for calculating the BID indices. Then, using this formula, we have
characterized the extremal triangular chains with respect to a variety of famous BID
indices over the collection Tn. More precisely, among all the triangular chains in
Tn, we have characterized the extremal ones for the sum-connectivity index, Randic´
index, harmonic index, first geometric-arithmetic index, second Zagreb index, mod-
ified second Zagreb index, multiplicative sum Zagreb index and Albertson index.
In addition, we have distinguish the triangular chains in Tn with the minimum
augmented Zagreb index and maximum atom-bond connectivity index. However,
the problem of characterizing the triangular chains with maximum augmented Za-
greb index and minimum atom-bond connectivity index in the collection Tn remains
open. Moreover, it seems to be interesting to extend the results of current study for
the collection of all triangular chains.
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